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Abstract. The Associated linear equations (ALEs) are
parametric models of the Volterra operators. With them,
a Volterra inverse is constructed to be used as open loop
control of continuous nonlinear systems. However, most
of the actual control systems are of discrete nature, this
work introduces the novel discrete version of the ALEs.
This discrete version is a series of ARX models of the
Volterra operators for both the direct and the inverse
series. These discrete models of the ALEs are used for
an equalization strategy to create an open loop control
on a reported simulated Duffing Oscillator and a physical
Duffing system constructed by analog circuits.
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1 Symbology

The following notation is used in the paper:

o — Frequency,

H(w) — FRF system output,

H — System operator,

K — Inverse Volterra operator,

W — Overall equalization system operator,
®n — Natural frequency,

D — System input amplification,

t— Time,

y(t) — The output signal,

yj(t) — Output signal from the j-th Volterra operator of
the system,

x(t) — Input signal,

u(t) — System output acceleration,

U(t) — The FRF of the output acceleration,

z(t) — Output signal from the j-th inverse Volterra
operator of the system,

w(t) — Output signal from the j-th Volterra operator of
the equalization system,

i — square root of minus one,

f, Pi, Qi» Ujt, j2, j3-... — ARX lags in time for y, x, errors,
and powers of the output,

ki, ci, gj, Aj — Modal parameters.

2 Introduction

In previous work [1], an open-loop control was
proposed for time-continuous nonlinear systems.
This open-loop control is carried on by a Volterra
inverse [2], whose operators are parametric
models named Associated Linear Equations (ALE)
[3]. They are the counterpart o de FRFs in the
frequency domain as can be seen in [4, 5].

The principal characteristic of this method is
that the whole system is transformed into an
element of unitary gain and therefore losses are
compensated, nonlinearities are eliminated and at
least in theory, the array has infinite bandwidth.
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Fig. 1. Volterra inverse strategies for open-
loop control

The configuration for sensor systems
(equalization strategy) can be seen in Figure 1.
The Volterra inverse is connected in tandem with
the sensor system.

To obtain a parametric model of a system is in
the maijority of practical cases very difficult if not
impossible. Without a parametric model, it is not
possible to obtain the ALEs.

A worthwhile option is the use of discrete
models of the system such as the Nonlinear
Autoregressive Moving Average with eXogenous
inputs (NARMAX). A good introduction to this kind
of model can be found in [6] and [7].

Some work on this kind of model and the
Volterra series can be found in [6], where these
models were applied to structural integrity. Recent
applications have been done on ground vehicle
control as in [8], though the present work offers a
more explicit and simple means of control.

Other uses that can be mentioned are the
simulation for system analysis with the aid of other
methods of identification such as neural networks
[9]. Several works focus on improving the model
quality, including accounting for small changes in
the system, e.g. [10, 11].

The main objective of this work is to present a
novel construction of the inverse Volterra by
discrete versions (AutoRegresive with eXogenous
inputs ARX models) of the ALEs and to implement
the control in a practical case.
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The open-loop control is going to be
implemented on an analogic Duffing oscillator.
Some recent works on this kind of system can be
found in [12 & 13]. The Duffing oscillator is
considered a sensor system and therefore an
equalization strategy (Figure 1) is implemented.

A Duffing Oscillator is a very appropriate
system for this kind of control as the number of
Volterra operators is finite [14]. In practice, a
traditional example of this kind of system are those
structures that present softening or hardening
stiffness, this kind of structures can be found for
example in plane wings or helicopter
propellers [15].

The work is organized into five sections. The
first section is a breve description of the general
theory of the ALEs and the inverse Volterra. The
second section presents the novelty of this work,
the discrete version of the ALEs for both direct and
inverse systems. In the third section, the analogic
Duffing oscillator is described. In the fourth section,
open-loop control is implemented. The last section
contains the conclusions.

3 Materials and Methods
3.1 Associated Linear Equations (ALEs)

In [3], it is explained that the most general second-
order equation for which the Associated Linear
Equations (ALEs) can be applied is:

N P
PO+ +¥O + ) ky©) + ) o)
j=1 j=1

<
Q

+ Z gs(0),
s=1

y(t) - system output,

k; and c; — constant coefficients,

N, P - the maximum order of polynomial terms
depending only on the input or output,

Q — the maximum number of g,(t)’s functions,
gs(t) — some appropriate non-continuous function
such as absolute value.

(1

Equation (1) includes two kinds of Volterra
systems, the Duffing oscillator, and the
Hammerstein. The Volterra series [2] decomposes
the signal in an infinite series of operators:
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Each operator corresponds to each harmonic
output signal order. Where each operator is
obtained from the Associated Linear Equations
(ALEs). A Duffing oscillator is when in equation (1)
one has P=1 and Q=0, e.g., a third-degree Duffing
oscillator of is:

F(@) +y() + y(@) + k3y(t)3 = c1x(D), (3)

where N=3There is no intention to explain in detail
how to obtain the ALEs from a parametric model, a
detailed development is done in reference [2].
Here, it is only mentioned that those equations are
obtained from a variation of the perturbation
method, e.g., see [14]. In the same reference [2], it
is demonstrated that all even-order Volterra
operators of a third-order Duffing oscillator as that
represented by equation (3) are null. The lower
order non-null ALEs are:

Y1(®) + Y1) + y,(t) = c1x(t) , (4a)
Y3(6) +y3(t) + y3(8) = k3y3 (t), (4b)
Ys() + ¥s(6) + ys(t) = 3kays(0)yi(t), (4c)

y7(t) +¥,(t) + y,(t)
= 3k3y; (D)y3(0) (4d)
+ 3k3ys(0)yZ (0).

Each equation in (4) represents a linear system
that depends only on the nth-harmonic order of the
input (as yi are a function of the nth-order
frequencies of the input), which is obtained from
products of lower-order operators.

3.2 Postinverse Volterra Operators by ALEs

The open-loop control that is used in this work [1]
consists in connecting in tandem the system with
its inverse Volterra (Figure 1). The basic theory can
be seen in [15].

Let us represent the system operator as H, K
the inverse Volterra operator, and W is the
operator of the tandem connection.

Being x(t), w(t), and k(t) the respective outputs
in the time domain, H(w), W(w), and K(w) are the

Frequency Response Functions (FRFs). From
[15], the output from the W operator is:

w(t) = x()+ Y w,(0) = x(0) 5)

where w; are the composed system [3]. In the most
general case, there should be a maximum order N
with significant contribution and therefore this is the
maximum where w;is the composed system [3]. In
the most general case, there should be a maximum
order N with significant contribution and therefore
this is the maximum order operator to use. In the
case of Duffing oscillators, the number N is the
actual number of operators. It implies that the
inverse Volterra operator of a Duffing oscillator of
a third degree possesses only three
terms (operators).

From [15], the first-order inverse Volterra
operators are defined as:

K, =H;" (6)
The second and third are respectively:
K, = =K [Ha[Kq]]- (7)
According to equation (8a), the second-order
inverse operator is also null, as all the even direct
operators of the Duffing oscillators of this kind
(equation (3)) are null. The third-order Volterra
inverse remains as:

K3 = _K1[H3lK1J]- (8)

Figure 2 shows the block diagram. The output
of the global operator W is from (8b):

W(t):Zl(y3(t))_Zl(y3[zl(y(t))]):x(t)' 9)

3.3 AutoRegresive with EXogenous Inputs
(ARXs) Inverse Volterra Models

Now j, m, s are the lags with maximums of K, P, O
and e(/) is the model of additive noise. Our
simulated system is taken from [8]. It is a cubic
Duffing oscillator is modelled as:

Computacion y Sistemas, Vol. 26, No. 4, 2022, pp. 1445-1457

doi: 10.13053/CyS-26-4-3780



ISSN 2007-9737

1448 Juan Alejandro Vazquez Feijoo, Sarahi Morales Pérez, Rodrigo Arturo Marquet Rivera, et al.

23(8) »(i) 24(i)
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Fig. 2. Block diagram of the third inverse of Volterra

$0)= 31506 1)+ 3 p i -m)+ Yg, i)
= =0 " (10)
+ ”Z::] ;:1;:1 uél_szﬁy(z’ - sl)y(i - s2)y(i - s3)
b =rpti-1-+rpbi-2+ b)) 42424 i) 40,12 (1)
g i-Iphi-2 414, -2l +di—+odi-2)
A discrete Volterra series is:
y(i =) =Xy @ =), (12)

substituting this equation into equation (11),
we have:

Yrea Ve D =r Y (i — D+ Yy —2) +
Pox(D) + p1x( — 1) + pox(i — 2) + uy 51 [Xg yie (0 —
D + 12, [Biey (6 = 2)1 + 115 [V yie (i —
Dyl = 2) + w52y (0 — DIz yie (@ = 2)1%

where error terms are not included.

The Volterra series possesses a convergence
maximum value Xmax, SO the input must comply
with the following:

(13)

x(l) < Xmax-
Under this value, it is the guarantee that:
1D £ ¥2() < ¥3(0) oo S Y (D - < Yo (D).

Therefore, under these circumstances, it is
always possible to cut the series up to an order k
and then still have the required exactitude.

Taking as an example only the first three
nonzero operators of equation (12).

The infinite sum is truncated up to three terms:

Y 3
ZYk(i_z)] = [y (0 =2) +y3(—2) +ys(Q—2)]3.
k=1

Developing the cube:

1 =2) +y3(0 = 2) +y5( - 2)]?
:yl(i_2)3+Y3(i_2)3 14
+y5(i —2)3 (14)
+3y (- 2%y, -2) +

3y1(i = 2)2ys (i — 2) + 3y, (i — 2)%ys (i — 2)
+3y5(i = 2)%y1(i - 2)
+3ys(i —2)%y, (i —2) +

3ys(i = 2)%y3(i — 2).
Equation (13) is then:

Y1 +ysD)+ys) =mln - D +ys((—D+
ys( = DI+ 7y —2) +y3(0—2) +ys( - 2)] +
Pox (D) + pyx(i — 1) + pox(i — 2) +uy [y, —
1% +3y,(i = D2y3( — D] + uppo [y - 2)° +
3y, (i = 2)%y3( = 2)] + uy 2 [y (0 — D2y, (i - 2) +
y1( = D?y3(—2) + 2y, — Dy — Dy, (i -
2)] + u1,2,2,[y1(i =22y, (i = 1)+, (i = 2)%y;( -
1) + 2y, (i — 2)y5(i — 2)y, (0 — D].

(15)

Using Fourier transform, it is possible to
express any integrable function as a sum of
complex exponentials. When rising this sum of
exponential terms to any power generates terms
function of harmonic frequencies (harmonic
orders), that are the sum of the frequencies of the
original terms.

As the equation (15) should remain valid at any
time, the right and left sides have to remain the
same for each harmonic order. Then the equation
(15) can be split into several equations one
contains all the harmonics of the same order.
Equation (15) is split then in the
following equations:

Y1) = riya(i = 1) + 1oy (i — 2) + pox(Q)
B Fpix(i- D +ppxi—2),  (162)

Y3 =rys((— 1) +rys (0 — 2) +ug 0, (=
13+ appp1 (= 2)° + 14,y (= D2y, (i = 2) +
Upz2y1( — 2)%y,(i—1) (b. ys (i) = i [ys (i —
D]+ rlys (G = 2]+ uy 4,18y, = D2ys (i — D]+ (16b)
Uy 22[3y1 (0 = 2)%y3 (i = 2)] + uy 10 [y2 (0 = 12y —
2) +2y1(i = Dys (i — Dy (0 = 2)] + w0 [y1 (0
2)%y53(i = D) + 2y, (i = 23 — 2y, (i — D]

The equations above become the first, third,
and fifth discrete (ARX) ALEs.

4 Results and Discussion
4.1 Discrete Volterra Inverse

This section is devoted to obtaining the inverse
Volterra. The first inverse operator is easier to
obtain in the frequency domain. The z-transform
[16] of equation (16a) is:
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Po + 015D + prs()?
T+rs(D™t + ()2’

H,()) = (17)
L2TC

where ¢ = e"n” is used to avoid confusion with the

inverse Volterra operator output z;.. The output from

the first-order operator can be retrieved by the

inverse z-transform of the following equation:

Y1(j) = H1U)X(j)-
Hi(j) is then the ratio between the z-transforms
of the output and input:

; 1()
H() =25 (18)

Considering equation (6), the inverse Volterra
operator of the first-order is directly the inverse
operator of the first-order Volterra operator of the
systems H;. In the frequency domain, it means that
the first-order operators are the multiplicative
inverse of each other:

K, () =
From equations (17) and (19):

1+76()7" +16() 72

H (1) (19)

K0y = Po + P1s(D ™ + p26()7 (20)
Substituting equation (18) into (19):
() === 30 (21)

H1(}) Y1(j)

This means that if the input is the first-order
Volterra operator of the system (y1(¢)), the output of
the inverse Volterra first-order is simply the input
x(?). This signal at the same time is the first Volterra
operator of the equalization system (system-
postinverse) wi(¢) (see Figure 1). It means that:

wy (t) = z,(£) = x(0).

Equation (21) can be also expressed as:

N _ Z1()
Ki() = 50y (22)

For completeness in the pre-inverse case
(distortion strategy), the input into the equation (22)
is X(j), then the equivalent to equation of (22) is:

; z1()
K:.() =355 (23)

Now, equation (20) into equation (23)
one obtains:

Z,() _ 14 7r6() ™ +16() 2
X)) po+pis(D+pas(N

The z-inverse transform produces the first-
order Volterra postinverse:

z,(j) = — Z1(]_1)_ Z1(]_2)+ (Y1(])
7”13’1(] 1) - 7’2}’1(/ 2))-

Something similar is obtained for the pre-
inverse case, when the inverse transform on
equation (23) gives:

z,(j) = __Zl(/ -1)- Zl(/ -2)+
E(x(]) - 7’1x(] -1 - sz(l - 2))

(24)

(25)

(26)

About equation (25), in a real system, there are
not such signals as y1(j) or y2(j), nor any other
operator. Rather the system produces only the
signal y(j) which is the sum of all these Volterra
operators (equation 12). The real input into the first
post-inverse operator is y(j). Then equation (25)
has to be rewritten as:

() =-2unl-D-2n(-2)+-- ()’(})

(27)

T1Y(/)(] -1 - 7’2}’(/)(] - 2))

Lets express equation (11) as:
) =rali=1)~rli=2)=poi}+pali =1+ pli~2 +ua (i) (28)

ity o1 =2) 20, P = =2) 14,0 (=2l 1)+ gl —1)+gdi—2)

After substitution in equation (27), one has
(disregarding e terms):

() +2n( -1+ zl(] 2= x(j)+
pox(z 1) + x(z - 2) +-- (ullly(z 13+
piouzlzlzy(l - 2)3 + ul_l_zy(l -D¥y(-2)+
s 22y( = Dy(i = 2)%

(29)

Observe that in the particular case, in which the
input signal is small enough so that only the first-
order is significant, equation (25) is simply:

a)++2aG-D+pag-0=x()+
BxGi-1) +—x(l—2) (30)
Py Py
Therefore, z1(j)=x()).
For the pre-inverse case, the input into the
system, i.e., the input into the operator H is z())
obtained from equation (26). Theoretically, H is the
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sum of all Volterra operators H;. Equation (11)
is now:

Yy —ry(—1 —1y( —2) =pez,(j) + p12:( —
1) +paz1 (G = 2) + (uy11y( — 13 4wy 5,y — 2)° + (31)
ul,l,Zy(i - 1)2)’(i -2)+ U—l,z,z)’(i - Dy(i— 2)2.

Using equation (26) into (31):

y() =y —1) =1y —2) = (x() —rx(G — 1) -
1 x(j — 2)) + U1y — 13 +uy,,y(30 —2)3 + (32)
u1,1,2)’(i - 1)23’(i -2)+ u1,2,2)’(i - Dy(i- 2)%

Again, for a small enough signal, higher orders
can be neglected, therefore:

y(§) —ry( =1 —nry(—2) =x() —rx( — 1) —rpx(j — 2).

As expected zi(j)=x(j). When the signal is not
small, equation (32) shows that the output signal
y(j) contains higher-order components.

The second-order operator from reference [15]
shall be:

Ky = Ky [H [Ky [H]] | (32)

However, because H, is zero, there is no
second-order inverse operator.
The third-order inverse operator Kj is:

Ky = K, [H[Ky [H] | (33)

The input into the third-order operator for the
post-inverse case is H represented by equation
(11). The first part of the third-order inverse
operator according to equation (33) is [K;[H]],
which results is the equation (29).

Following equation (33), the signal goes
through the direct operator Hs, represented by
equation (16b). Then, from equation (16a), the
third-order input in Hs depends on powers of y1(i),
then using equation (16a):

y1(@) =1y (i — 1) + 13,0 — 2) + poz, (D + (34)
p1z:(i — 1) + pyz, (i — 2).
Again remember that the input into Hj is not x(i)
but z(i) the substitution of equation (29) into (34):

y(@) =y =D +ry(i — 2) = pox()) + pix(— D +
P2x( = 2) + (g1, Y = 1) + up,y(0 — 2)3 +uy 1 ,y0 —
1)23’(i -2)+ u1,2,2)’(i - Dy(i - 2)%

That is the same equation as (11). Equation
(16b) in the third-order inverse operator is simply:

y3(D) =1y (i = 1) +1y3(i — 2) +ugq, ¥ — 13 +
U 22y —2)% +uy 1,y — 12y —2) + (35)
Uy 0 Y( — 2)%y(i - 1).

Up to this point it has been solved up to
H;[K, [H]], now the signal should go through the
operator—K; (see equation (33)). Then by the use
of equation (25):

z(j) = 21(1_1)_ 21(1_2)"‘ (J’3(])
T1Y3U_1)_Tz3’3(] 2))

Using equation (35) one obtains:

n()+2n(-1D+2 u(j-2) = (uuly(z
1y +u222y(l_2) +u112}’(l—1)2y(l 2) + (37)
Uy 0¥ — 2)2y(i — 1)).

Finally, from (30) zs(j) =- z1(j) therefore:

(36)

() + 2250~ D+ 22, - 2) = — - (w1.7( -
1)3 +u222y(l_2) +u11zJ’(l—1)2}’(l 2) + (38)
ul,z,z,}’(i - Z)ZJ’(i - 1))-
Adding equations (29) and (38) one obtains:
(210) +23())) + b (Zl(/) + Za(f)) +
B (Z1(l)+23(])) = x(j) + x(z D +2x(i-
2) +— o (u1,1,1J’(l —1)3 + o uz,z,z}’(l - 2)3

Sy - DY -2+ Sy - Dya- 89
2)? = = (upa¥( = 1 +2p09(i = 2)* +
Uy 15, ( = 12Y( = 2) + 1y 25, (0 = 2)%y(1 = 1)),
Then:
2 () +2z:(N) + 0 (2 () + z:(D) + 2 (2. (D+2:(1D) = 40)

x(j) +$x(i -1) +§x(i -2) .

That according with equation (9) gives the
expected result:

z(j) = z,(j) + z3(j) = x()).

Observe that only two inverse operators suffice
for obtaining as system exit x(j), no matter the input
magnitude. It remains true meanwhile the physical
elements of the system remain acting as a
Duffing oscillator.

4.2 Inverse Series Convergence

Sometimes the inverse of Volterra presents
instability. This section tries to find a suitable
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criterion to avoid this problem. Let's consider the
following example of a simple linear ARX model:

i) =i =1)+ (i —2)+ pox(i)+ px(i-1).  (41)

Since it is linear, only the first-order Volterra
operator is necessary. The inverse operator is:

()= )~ sfi-1)- 2y )
Po Po Do

Considering the initial condition for the inverse
z4(1)=0 one has:

2(2) = -3 (D) = 2y, (). (43)

where y1(1) and y1(2) are system initial conditions.
For i=3 one has:
723 =-2u@+- (1B ~ry@ -rHyD).  (44)
Substitution of equation (43) into equation (44):

z3) = (- )y - (B +
;}’1(3)

n .2
)3 (@) + us)

The same procedure for the following two
instants one has:

15 T- T T
7(4) = ( ”“+u) 1<1)+< +”1—;——2)y1<2)
po 14 po Po Po

0
—<ﬂ+ )1(3)+1y1<4)
po Po Po

And

7,(5) = (mn 1711’2) y,(1) — (Vi + % _
22)y,@) + (B+22-2) 5,0 - (2 + (46)
™)y Wl ~-7:(5).

Generalizing for any instant /.

z1<i)=iy1<i)—(— 2)yG-1+

§ e (a7)
2; 12( 1)1( T+1 plpé‘l p;{]'q)%(l -

From equation (47) it can be observed that the
inverse operator z1(i) is the function of powers of
the ratio ... The higher i the higher the power.

Po
Therefore, to guarantee
is necessary to have:

convergence it

— 7, ali)

YG)

—/\. Zl

Fig. 3. Signal path through the Volterra postinverse

Signal to measure

Measurement system response

i i
40 41 42 43 44 45 46 47 48 49 50
time (sec)

Fig. 4, Signal measured without the

postinverse Volterra

P
Po

<1

In general, if there are more input lags, the
criterion should be:

%<1, ...... andp7n<1. (35)

4.3 Duffing Oscillator Model

In [8], Duffing oscillator model was identified and
the following equation is obtained:

Wi)=1.76393(i - 1)- 0.90481(i - 2)+ 4034107 (i}

£ s4><10“‘w 1)+3.8688x107 x(i- 2]

~0.1998)° (i-1)+2.15x107 )7 (i — 2) (49)
4—0"089\ If—llwlr—“l 01364\_ |r—"I||r 1)
+328x107eli—1)-2.38x107.di-2)
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As can be seen, the coefficients of the input
lags (pi;) keep the convergence criterion for the
Volterra inverse. Let’s consider that this Duffing
oscillator represents the dynamics of a
sensor system.

The Duffing oscillator does not possess a
second power term (equation (40)). It implies that
it has only even-order non-zero operators. As it
was done in section 2.3, the first three non-zero
operators are obtained:

2 (f) =1.7639y (i — 1} — 0.9048 (i — 2)
+4.034 %107 x(f) +3.84 x10 " x(f 1)
+3.8688x107 x(i —2) a)

vilil=1.76391.(i —1)—0.9048 1. (i —2)
—0.199837 (i —1) +2.15 =107 i —2)
+0.2089 p7 i — 1)y (i —2)
—0.156432( —2)y, (i —1) Bl 0

v;li)=1.7639y,(i —1] - 0.9048y, (i — 2}

—0.5994y (i -1}y, (1 —1)

+6.45=1072 32 (i -2}y, (i -2)
+0.208937 (1 — 1)y, (i — 2)
+0.4178y, (i -1y, (i -1}y, (i —2)

—0.1564y7 (i — 2)y,(i—1)

—0.3128y, (i —2)p,(i— 2)pi(i - 1) €)

Equations (50) are obtained in the same way as
equations (16). The input signal into the Duffing
oscillator system is a random signal with an rms of
13.55 units. The system is simulated, and in Figure
4, the comparison between the input and the
output signal is shown.

Because of the system inertia, nonlinearity, and
noise, the difference between both signals is quite
noticeable, i.e., the measurement signal differs
greatly from the actual signal to be measured.

Now, let us implement the equalization strategy
for controlling the measuring system (the Duffing
oscillator equation (50)).

By the use of equation (16) and by the same
process done in section 3.1, the first inverse of the
Volterra operator is:

z,(1)=2.4789x10° (i)

—4.3726x10° y(i—1)

+2.2429x10° y(i-2) (51)
—0.9519%107* z,(i—1)

- 9142z, (i-2)
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By the use of equations (50) and (51) on
equation (33) the signal z3(i) is obtained (see
section 3.1), The Volterra inverse z (i) is obtained
by adding z(i) and z3(i), see Figure 3.

Figure 5 is again compared to the input signal,
but this time with the output produced by the
equalization control. It is now very difficult to see
visually the difference between the input signals x(i)
and the output signal w(i)= z(i), i.e., the signal has
been measured quite much more accurately. The
mse is 12.92% despite the noise present in
the signal.

The Frequency Response Function (FRF) of
the first order of the Duffing oscillator is shown in
Figure 6.

The semilogarithmic graph shows a bandwidth
of 30rad/sec. It implies that if the input signal is of
a frequency of 200rad/sec the Duffing oscillator is
not going to be capable to measure such a signal.
This circumstance can be verified in Figure 7,
where a signal of a frequency of 200 rad/sec is
measured. The Duffing oscillator response is
indistinguishable in the graphic.

Now, if the signal is measured with the
equalization strategy, the result is shown in Figure
8. What is now indistinguishable is the difference
between the signal to be measured x(i) and the
measured signal w(i). The mse is only 0.192%.

4.4 Analog Duffing Oscillator System

An analog electronic system is used in this work. It
is designed as a third-degree Duffing oscillator,
see equation (3). This equation can be rewritten in
an integral form as in [9]:

ulr)—l_f(o,:fulridr—(o,':[fultldr

(52)

—coj||.|.ulzldr|3 = Ax|t)

The design of integral blocks is reported to have
more stability than a design with derivative
elements. Figure 9 shows a schematic of the
system. The Fourier transform of equation (30) for
the first-order is:

U(0) = 4X (0)- 200, Y@) _ 2 V@)™

n iw n (lw)z

(53)
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Fig. 5. Output of the equalization system (Duffing oscillator-
Post-inverse Volterra) compared with the system input (signal

to measure)

Fig. 7. For very high frequencies, the Duffing oscillator used

as a measurement system has very low response

The integration blocks are constructed
traditionally by Op-amps (Figure 10). The cubic
operator is done by connecting in cascade three
multiplicative circuits AD633JN/AN. The electronic
design can be seen in Figure 11.

4.41 Identification

The input into the system is a three-harmonic
signal shown in Figure 12. The system response is
shown in Figure 13 The input frequencies are 6,
12, and 15 rad/sec. The output is filtered; this is to
eliminate frequencies bigger than 50rad/sec, to
prevent noise contamination. The data is taken at
an interval of 0.02 sec.

The NARX model proposed for this system is:

=
L

3
3
e
B
™t
AT

0 20 40 60 80 100 120 140 160
frequency (rad/sec)

Fig. 6. First-order FRF of the Duffing Oscillator

Fig. 8. The measurement Duffing system with post-
inverse for a very high frequency

yiil=nyli-1+ryli-2)+ pxi)
+ ”1:13': [_f— 1_]+ ”1:1:13'3 [_.f'— 1_]
Applying a NARX system identification

procedure [12], the model found is:

(i) =0.9804 y(i —1)+7.321 x10"°y(i = 2)
+1.9 x107 x{i )+ 6.269 x107 y*(i —1) (54)
+2.4x107%y%(i -1)

Figure 14 compares the simulation output from
the NARX model (equation (54)) and the real
system response, the mse is 5.143%. The analog
system presents certain instabilities both in
frequency and in amplitude that implies that any
model in equation (45) can be used only up to an
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input amplitude of 13 V and a frequency of
60rs/sec.

This limitation is not associated with
predistortion control, but with the change in the
response behavior of the elements of the analog
system.

Just as equations (16) were obtained, the first
three non-zero ALE's are: Only the first three ALEs
are obtained as the inverse Volterra is composed
only for the first three order inverse operators.

It is possible to compare the ARX obtained, i.e.,
the ALE’s with the real corresponding response of
the system. The whole signal is supposed to
contain all the nth-order signals.

If equation (55a) is subtracted from the output
signal, the results are very close to the sum of the
harmonic signals of the second harmonic order
onwards.

The adequate amplitude of the input signal
gives a signal dominated by the second harmonic
order signal.

Now, subtracting the equation (55b) from this
signal, the signal that results is mainly the third
harmonic order.

It is possible then to compare each harmonic
signal of the output system with the corresponding
ALE (equations (55)) see Figure 14.

Figure 15b shows that the curves differ from
each other. This is because the third-order signal
is of significant magnitude when compared with the
second-order.

However, the remaining signal is quite close to
the third-order ALE and therefore the ALEs
are correct:

¥,(7)=09804y,(1-1)
+7.321x107% 3, (1 - 2)
+1.9x107x(3)

¥,(1)=0.9804y, (i—1)
+7.321x107 y, (i-2)-
+6.260x10%y2(i-1) ¢ (53)

(i) = 09804y, (i —1)-
+7321x10°y, (i - 2)
+24x107 3 (i-1)

+1.254 %107y, ([i—1)y, i -1)
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Fig. 9. Block Diagram of the analog amp Duffing
oscillator system (equation (52)

C

n

Fig. 10. Integrator circuit with an Op 720

2) Third power system

b) Second order linear system

Fig. 11. The third degree Analog Duffing oscillator

4.5 inverse Volterra Model for the Analog
Duffing Oscillator System

From equation (20) and the system model (54), the
first inverse Volterra frequency response function
model is obtained by the z-transform as:

1-0.9804 z7' 7321 x10°z7

56
1.9x1073 (56)

K(j)=

The corresponding ARX model is.
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Fig. 14. Comparison between the output of the Duffing
oscillator system signal and that obtained by the
NARMAX model
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aY/= Tox107 MY/ " Tox107 MV
e (57)
_7.321x10 w(i=2)
Tox10° Y

The second-order operator is according to [2]
(see equation (31)):

Zz(t):*Kl(Hz[Zl(t)])' (58)

The third-order inverse Volterra operator
is now:

z,(1) = _KI(HS[Zl(t)])_KI(HS(Zl(t)?ZZ(t)))' (59)

That differs from equation (33) because the
second-order operator is not zero in this case.
Figure 16 shows the plot of the second and third-
order Volterra inverse operators. The equalization
strategy is implemented and then the signal that
results is shown in Figure 17. The mean square
error (mse) between these two signals is only
3.0%. The output signal is quite the same as the
signal to measure.

5 Conclusions

Two main objectives have been pursued in this
work. The first one is to apply for the first time the
equalization strategy on a practical system and on
the other hand to present the discrete version of
the Associated Linear Equations (ALEs) for both
direct and inverse Volterra operators. Two systems
were considered: a Duffing oscillator NARMAX
model with additive noise and an analog system.

Duffing oscillator system is considered to follow
the dynamics of a sensor system.

The equalization strategy of control is
implemented for both systems using the discrete
version of the inverse Volterra operators. In both
cases, the original signal (the signal to be
measured) is accurately obtained.

For the simulated system, it was possible to
verify an infinite band wide. In the analog system is
not possible to do the same, because the elements
of the system are not stable at all frequencies and
then the Duffing oscillator response is lost.

The use of the Volterra inverse seems to be
very promising for systems where feedback is not
an alternative, such as measuring and actuator
systems.
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Volterra output

In both cases, the nonlinearities and the inertia
of both systems are eliminated and both systems

act as elements of unitary gain just as expected.
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